Abstract-Piezoelectric diaphragms are low-cost acoustic components commonly used in a wide variety of electronic devices, where the typical function is to generate an audible alarm. However, scientific study concerning the use of these components in advanced applications has increased in recent years because of their low cost and widespread availability in several standard sizes. Based on a growing interest in these components, we propose a basic equivalent electromechanical circuit considering a 1-D vibration assumption of piezoelectric diaphragms for structural health monitoring applications based on the electromechanical impedance (EMI) technique, which was used in this paper to assess the sensitivity of piezoelectric diaphragms to structural damage. The proposed circuit is a three-port type and is suitable for small metal structures. The sensitivities of three diaphragms of different sizes to structural damage were assessed using the proposed equivalent circuit and compared with the sensitivity of a conventional transducer commonly used in the EMI method. In addition, tests were performed on aluminum bars to experimentally validate the equivalent circuit, and the theoretical and experimental results correspond well.
Although the main application has been sound generators, these components have also been used for more advanced applications because of their low cost and widespread availability in different sizes. One of the most common applications has been the use of these components as piezoelectric transducers for damage detection techniques in structural health monitoring (SHM) systems. This study theoretically analyzes piezoelectric diaphragms using a proposed equivalent electromechanical circuit for SHM applications with damage detection based on the electromechanical impedance (EMI) method.
The field of research in SHM [1] is scientifically and industrially relevant because there are many engineering structures in the world that require monitoring to detect incipient damage, such as cracks, corrosion, and loosened bolted connections, to guarantee the safety of people using the structures and reduce costs with preventive maintenance. Potential applications include bridges, pipelines, oil platforms, rotating machinery and large means of transport, such as aircraft and ships.
Damage must be detected by a minimally invasive technique to not alter the mechanical properties and operating conditions of the structure. Such techniques are commonly known as nondestructive evaluation (NDE) or nondestructive testing (NDT) [2] . There are many methods to detect damage or anomalies in the structure, such as those based on fiber optic sensors [3] , acoustic emission [4] , eddy currents [5] , Lamb waves [6] , [7] , using electroluminescent strain sensor [8] and based on 3-D displacement measurements [9] . Among the various methods for detecting damage, the EMI technique [10] , [11] is known for using thin and small piezoelectric ceramics operating simultaneously as actuators and sensors.
The main principle of the EMI method is based on the piezoelectric effect [12] . A piezoelectric transducer, such as a diaphragm attached to the host structure, simultaneously acts as a sensor (direct piezoelectric effect) and an actuator (reverse piezoelectric effect), establishing a relationship between the mechanical impedance of the structure and the electrical impedance of the transducer. By exciting the transducer at an appropriate frequency range and measuring the corresponding electrical impedance (or admittance), it is possible to detect variations in the mechanical impedance of the monitored structure caused by damage through changes in the electrical impedance, which is easy to measure.
The piezoelectric transducers used in the EMI method have been lead zirconate titanate (PZT) ceramics [13] , [14] , which are typically very thin and can be cut into different sizes and shapes. Both sides of the PZT ceramics, also called piezoceramics, are coated with a thin metal film that acts as electrodes. Another commonly used transducer is macro fiber composite (MFC) [15] , which has the advantage of being flexible and attachable to structures with uneven surfaces.
Recently, piezoelectric diaphragms have received attention in several scientific studies, such as loading monitoring [16] , in a micro gas compressor [17] , to detect partial discharges in power transforms [18] , in an inertial measurement unit system [19] , damage detection based on the EMI method [20] , in grinding process monitoring [21] and for noninvasive detection of bio-signals [22] . A recent study [23] experimentally analyzed the feasibility of these components for SHM applications based on the EMI method. However, a theoretical analysis has not yet been reported in the literature.
Therefore, in this article, we propose a basic equivalent circuit based on a one-dimensional vibration assumption of a piezoelectric diaphragm to relate its electrical impedance to the mechanical properties of the monitored structure to assess the sensitivity to structural damage. The equivalent electromechanical circuit is presented in the next section.
II. EQUIVALENT ELECTROMECHANICAL CIRCUIT
Conventional PZT ceramics have been extensively studied for SHM applications, and several researchers have proposed one- [24] , two- [25] , and three- [26] dimensional analytical models and numerical models [27] based on the finite element method (FEM) to analyze the interactions between the PZT patch and monitored structure. Analytical models have also been proposed for piezoelectric diaphragms, such as models derived using the classical laminated plate theory [28] , based on Hamilton's principle and the Rayleigh-Ritz method [29] and by dividing the diaphragm into two parts [30] .
These proposed models obtain the exact vibration behavior of the diaphragm and determine resonance frequencies. In contrast, in the current study, we propose a basic electromechanical circuit based on a one-dimensional model specific to SHM applications based on the EMI method, which relates the electrical impedance of the piezoelectric diaphragm to the mechanical impedance of the monitored structure. The basic configuration of damage detection based on the EMI method is shown in Fig. 1 (a) .
In Fig. 1 (a) , a piezoelectric diaphragm, consisting of a circular piezoelectric element coated with a thin metal film (top electrode) mounted on a circular brass plate (bottom electrode), is attached to the monitored structure. There are several methods of installing piezoelectric transducers in the monitored structure [31] . In this study, the conventional installation method is considered, where the brass plate is fixed directly to the monitored structure using a highstiffness adhesive, such as cyanoacrylate or epoxy glue.
The monitored structure is considered a thin and narrow metal bar, which is the structure typically used in laboratories. In addition, the diaphragm is extremely thin, with a thickness on the order of a fraction of one millimeter. Under these conditions, the principal vibration mode can be considered in the longitudinal direction of the structure for a one-dimensional assumption. Therefore, the piezoelectric diaphragm can be represented as a hexapole, as shown in Fig. 1 (b) , with three ports: one electrical port and two acoustic ports, which is a solution commonly used in the literature [32] [33] [34] .
As shown in Fig. 1 (a) , exciting the diaphragm with an alternating voltage u(t) with amplitude U and angular frequency ω results in a current i (t) with an amplitude I , two forces F a and F b in each acoustic port and two waves propagating at speeds v a and v b in the structure.
This one-dimensional assumption is appropriate only if certain conditions are satisfied: (a) the monitored structure is a simple narrow, thin bar and the transducer has a thickness on the order of a fraction of one millimeter, as discussed above; (b) the structure is metallic, and the damping effect can be disregarded; (c) the diaphragm is excited at a sufficiently low frequency, below 1 megahertz, such that the vibration toward its thickness can be disregarded [35] ; (d) the amplitude of the excitation signal is low, and thus, the piezoelectric effect can be considered approximately linear [12] ; and (e) the effects of the adhesive layer and metallic film (top electrode) can be disregarded because they are extremely thin. Therefore, the equivalent circuit proposed here does not account for the exact vibration behavior of the diaphragm and structure. The objective is to relate the electrical impedance of the diaphragm to the mechanical impedance of the structure and thus to assess the sensitivity to structural damage. An appropriate model based on more accurate solutions [28] [29] [30] must be derived for applications that do not meet the above conditions or when the exact vibration behavior is required.
Based on the above considerations, a more detailed representation of the piezoelectric diaphragm attached to the structure is shown in Fig. 2 . As shown in Fig. 2 , the transducer was divided into two structures, which is a solution similar to that proposed in [30] , resulting in two acoustic ports, where the piezoelectric element consists of a PZT ceramic disc with diameter φ P and thickness h P mounted on a circular brass plate with diameter φ B and thickness h B . Each part of the piezoelectric element and brass plate are semi circles with lateral area A P and A B , respectively. The edge of the brass plate that exceeds the piezoelectric element has a length l B . The transducer is attached to the monitored structure with a crosssectional area A S . The constitutive piezoelectric equations are given by [12] 
where E k and D i are the electric field and electrical displacement components, respectively; S i j is the mechanical strain component; T kl is the mechanical stress component; d ikl and d ki j are the piezoelectric constants; s E i j kl is the elastic compliance under a constant electric field; ε T ik is the permittivity component at a constant stress; and the subscripts i , j , k, and l represent the natural coordinate system of the piezoelectric crystal and take values of 1, 2, and 3.
For a one-dimensional assumption in which the main direction of vibration is in the longitudinal direction of the structure and using simplified notation [12] for the indices, the basic constitutive equations for a PZT ceramic can be simplified as
Following a procedure similar to that presented in a previous study [34] , the forces F a and F b on each acoustic port of the piezoelectric element shown in Fig. 2 can be approximated in terms of the amplitude U of the excitation voltage as
where v a and v b are the speeds of the waves propagating in the structure, φ P is the diameter of the piezoelectric element, j is the unit imaginary number, Z P is the mechanical impedance of the piezoelectric element, and k P is the wavenumber.
The wave-number k P is given by
where ω is the angular frequency of the excitation signal, and ρ p is the mass density of the PZT ceramic.
If the ceramic disc is small and the damping effect can be disregarded, then the mechanical impedance Z P is approximated as
where A P = πφ P h P /2 is the lateral area of the semicircle for each acoustic port, as shown in Fig. 2 . The amplitude U of the excitation signal in terms of the electric current I and waves with velocities v a and v b is approximated by
where C 0 is the static capacitance of the piezoelectric diaphragm, and the term 1/ j ωC 0 is the capacitive reactance.
Equations (5), (6) and (9) relate the mechanical quantities of the acoustic ports with the electrical quantities of the electrical port of the ceramic disc. Therefore, from these equations, we can represent the PZT ceramic disc by an electrical equivalent circuit, as shown in Fig. 3 .
By applying Kirchhoff's laws in the circuit of Fig. 3 and relating to (5), (6) and (9), we obtain the following complex impedances According to the equivalent circuit, the piezoelectric element is essentially a capacitor with capacitance C 0 . The electromechanical transformer with a transformation ratio equal to 1 : πφ P d 31 /2s E 11 performs the interaction with the mechanical quantities in the secondary. However, this circuit does not yet include the effects of the brass disc and monitored structure. The effect of brass paths between the ceramic and structure can be modeled with a similar circuit (except for the absence of the electromechanical transformer and electrical port) in cascade in each acoustic port, similarly as proposed in [36] . The structure is represented by its mechanical impedance (Z S ). The complete equivalent circuit is shown in Fig. 4 .
Similar to the impedances Z P1 and Z P2 for the piezoelectric element, the complex impedances Z B1 and Z B2 for the brass disc are given by
where l B is the brass path between the PZT ceramic and monitored structure, as shown is Fig. 2 , and k B is the wavenumber, given by
where s B and ρ B are the elastic compliance and mass density of the brass disc, respectively. For a small brass disc and disregarding the damping effect, the mechanical impedance Z B is approximately calculated as
where A B = πφ B h B /2 is the lateral area of the semicircle of the brass plate for each acoustic port, as shown in Fig. 2 . The electrical impedance of the piezoelectric diaphragm can be obtained by calculating the equivalent impedance from the terminals of the excitation voltage of the circuit in Fig. 4 as
where the symbol || indicates a parallel association. According to (16) , there is a relation between the electrical impedance (Z D (ω) ) of the piezoelectric diaphragm and the mechanical impedance (Z S ) of the monitored structure. Therefore, variations in the mechanical impedance of the structure caused by damage, such as cracks, corrosion, and loosened bolted connections, can be detected by measuring the electrical impedance of the transducer.
For narrow and thin metal structures, the damping effect can be neglected, and the mechanical impedance (Z S ) can be approximately given by
where s S and ρ S are the elastic compliance and mass density of the monitored structure, respectively, and A S is the crosssectional area orthogonal to the longitudinal direction of the structure, as shown in Fig. 2 . The purpose of this study is to theoretically analyze the feasibility of piezoelectric diaphragms for damage detection based on the EMI method, comparing the results with those obtained from conventional PZT ceramics. For this purpose, we must obtain the electrical impedance of a PZT ceramic disc attached directly to the structure (without the brass disc). This can be achieved by disregarding the brass disc impedances in the circuit of Fig. 4 , or equivalently, setting Z B1 = 0 and Z B2 → ∞ in (16) . Thus, we obtain
where Z C (ω) is the electrical impedance of a conventional PZT ceramic disc with diameter φ P .
Equations (16) and (18) theoretically allow us to assess and compare the sensitivity of piezoelectric diaphragms and conventional PZT ceramics to structural damage detection. The theoretical sensitivity analysis is presented in the next section.
III. THEORETICAL ANALYSIS OF THE SENSITIVITY
The main principle of damage detection based on the EMI method is to measure the electrical impedance of the piezoelectric transducer at an appropriate frequency range and to analyze the variations in the electrical impedance signatures caused by variations in the mechanical impedance of the monitored structure due to damage. Based on this principle and according to (16) , the sensitivity of the piezoelectric diaphragm to structural damage can be assessed by analyzing the corresponding variation in its electrical impedance (Z D (ω)) due to the variation in the mechanical impedance of the monitored structure (Z S ), which is a similar analysis as those reported in previous studies to select the optimal frequency bands to damage [34] , for the proper transducer sizing [37] and to analyze the transducer loading effect [38] .
Therefore, the sensitivity to damage can be theoretically assessed by the partial derivative of the function Z D (ω) with respect to the variable Z S as follows
where η D (ω) is the sensitivity of the piezoelectric diaphragm. Similarly, the sensitivity to damage of a conventional PZT ceramic is given by
where η C (ω) is the sensitivity of the conventional PZT ceramic, and Z C (ω) is its electrical impedance, given by (18). Three piezoelectric diaphragm models were considered in this study, 7BB-12-9, 7BB-20-6 and 7BB-35-3, manufactured by Murata Electronics North America, Inc. (Smyrna, GA, USA), with brass plate diameters of 12, 20 and 35 mm, respectively. According to the results, diaphragms with up to 35 mm in diameter are small enough for a one-dimensional assumption and disregard the damping effect. A conventional circular PZT ceramic model T107-A4E-273 manufactured by Piezo Systems, Inc. (Woburn, MA, USA) was used as a reference, and the results were compared with the results obtained for the piezoelectric diaphragms. The dimensions and properties of the diaphragms [39] and the conventional ceramic [40] are shown in Tables I and II,  respectively. By substituting the dimensions and properties of the two types of transducers in the equations of their electrical impedances given by (16) and (18) , the sensitivities to structural damage can be assessed and compared using (19) and (20) . Fig. 5 shows the relative sensitivities obtained following this procedure.
In Fig. 5 , the sensitivities are plotted as a function of the frequency and the mechanical impedance of the monitored structure, which is normalized with respect to the mechanical impedance of the transducer (Z S /Z p ratio). In addition, the sensitivities are normalized assuming that the highest value The conventional ceramic and the three diaphragm models exhibit similar behaviors. The sensitivity to damage is higher at low frequencies and tends to decrease with increasing frequency, particularly when the mechanical impedance of the structure is large compared to the mechanical impedance of the transducer, that is, a high Z S /Z p impedance ratio.
The effect of the impedance ratio on the sensitivity to damage is better illustrated in Fig. 6 , which presents the sensitivities as a function of the Z S /Z p ratio at different fixed frequencies obtained for the 7BB-20-6 diaphragm. The results obtained are similar for the other diaphragm models and the conventional ceramic. As shown in Fig. 6 , for each frequency at which the transducer is excited, there is an optimal value for the impedance ratio that provides a high sensitivity. Regardless of the frequency, the sensitivity tends to decrease for small or large impedance ratios, as is also observed in the sensitivities shown in Fig. 5 .
Another parameter that affects the sensitivity to damage is the equivalent electromechanical transformer, as indicated in the circuits shown in Fig. 3 and 4 . A transformation ratio close to 1 allows for an effective bidirectional relationship between the electrical quantities of the transducer and the mechanical quantities of the monitored structure, that is, a better relationship between the electrical impedance of the transducer and the mechanical impedance of the structure, which is desirable for damage detection. The transformation factor in the secondary (πφ P d 31 /2s E 11 [N/V]) is directly proportional to the diameter of the piezoelectric element (φ P ) of the diaphragm. Therefore, the transformation ratio increases with increases in the piezoelectric element diameter, as shown in Fig. 7 .
According to Fig. 7 , the transformation factor increases from approximately 0.2 N/V to approximately 0.8 N/V as the diameter of the piezoelectric element increases from 10 mm to 40 mm, which is desirable. In contrast, increasing the diameter of the piezoelectric element also increases the capacitance of the transducer and thus decreases its reactance, which is undesirable. The variation of the reactive capacitance relative to the diameter at a frequency of 50 kHz is shown in Fig. 7 as an example. For the same diameter variation of the previous case, the capacitive reactance decreases from approximately 480 to approximately 30 ; low capacitive reactance affects the sensitivity of the transducer to damage. As illustrated by the circuit in Fig. 4 and in (16) , the electrical impedance of the transducer consists of a capacitive reactance in parallel with the electromechanical transformer. A low capacitive reactance reduces the variation in the electrical impedance of the transducer (Z D (ω)) due to the variation in the mechanical impedance of the structure (Z S ) caused by damage.
We performed a basic experimental validation using aluminum bars to analyze the effectiveness of the proposed equivalent circuit. The experimental setup is presented in the next section.
IV. EXPERIMENTAL SETUP
Experimental tests were performed on aluminum bars with dimensions of 500 ×38.10 ×3.18 mm. These bars are thin and narrow and are thus appropriate for evaluating the proposed equivalent circuit based on a one-dimensional model and assessing the sensitivity of the piezoelectric diaphragms to structural damage.
The conventional PZT ceramic model T107-A4E-273 and the three piezoelectric diaphragms models, 7BB-12-9, 7BB-20-6 and 7BB-35-3, as presented in the previous section, were fixed at a distance of 20 mm (considering the center of each transducer) from the end of each bar using cyanoacrylate glue. The transducers attached to the aluminum bars are shown in Fig. 8 .
Structural damage was induced in the bars by adding a metal mass (steel nut of 4 × 2 mm and 1 g) at a distance of 100 mm from the transducer. The addition of mass alters the mechanical impedance of the structure and can be related to damage. This procedure has the advantage of not causing permanent damage to the specimens.
The electrical impedance signatures of the transducers were measured via the alternative measurement system proposed in [41] using a NI-USB-6361 data acquisition (DAQ) device and a personal computer (PC). As reported in [41] , the alternative system has good accuracy and precision, and provides impedance signatures rapidly with resonance peaks and amplitudes similar to a conventional impedance analyzer. The system was configured to excite the transducers with a chirp signal having an amplitude of 1 V; the impedance signatures were obtained in a frequency range from 0 to 500 kHz with a frequency step of 2 Hz. All measurements were taken at a temperature of approximately 25°C controlled by an air conditioner because the impedance of the piezoelectric transducers is significantly temperature dependent [42] and with the aluminum bars resting on a bench on rubber blocks to avoid effects of external vibrations.
Damage was identified and quantified using the root-meansquare deviation (RMSD) damage index, which compares two electrical impedance signatures, where one of the signatures is obtained when the structure is considered in a healthy condition, commonly known as the baseline. The RMSD index is given by [1] 
where Re (Z 1 (ω) ) is the real part of the baseline signature, Re (Z 2 (ω)) is the real part of the signature after the damage, and RMSD is the index calculated in the frequency range with an initial frequency ω I and final frequency ω F . The real part of the impedance signatures is typically more reactive to damage or changes in the structure's integrity [1] .
In this study, we used the RMSD index to experimentally assess the sensitivity of the piezoelectric diaphragms and the conventional PZT ceramic and compare the results with the theoretical sensitivities obtained using the equivalent circuit. The experimental results are presented in the next section.
V. EXPERIMENTAL RESULTS
Before analyzing the experimental results, the theoretical sensitivities of the transducers can be assessed for the aluminum bar used in the experiments. Considering the dimensions of the bar presented in the previous section, its approximate mechanical impedance (Z S ) can be calculated using (17) and the properties of the aluminum, which are mass density ρ S = 2.7 × 10 3 kg/m 3 and elastic compliance s S = 14.5 × 10 −12 m 2 /N. With the mechanical impedance of the structure known, the sensitivity to damage of each transducer can be obtained from the general sensitivities shown in Fig. 5 considering the specific impedance ratios (Z S /Z p ) for each transducer. The relative sensitivities of the transducers for the aluminum bar are shown in Fig. 9 .
As shown in Fig. 9 , the sensitivity of the transducers to damage is high at low frequencies and tends to decrease significantly at high frequencies. In general, the 7BB-20-6 diaphragm (external diameter of 20 mm) exhibits the highest sensitivity, followed by the conventional PZT ceramic, which has the second highest sensitivity and is similar in size to this diaphragm. The 7BB-12-9 diaphragm, which is the smallest transducer analyzed (external diameter of 12 mm), has the lowest sensitivity throughout nearly the entire frequency range.
Although the 7BB-35-3 diaphragm is the largest transducer analyzed (external diameter of 35 mm), its sensitivity to damage is lower than the sensitivity of the 7BB-20-6 diaphragm and the conventional ceramic. This result is consistent with the analysis shown in Fig. 7 , which compares the transformation factor of the secondary of the electromechanical transformer of the equivalent circuit with the capacitive reactance of the transducer with respect to the diameter of the piezoelectric element. Although the 7BB-35-3 diaphragm has a high transformation factor and provides a low mechanical impedance ratio (Z S /Z p ), its capacitive reactance is low compared to those of the other transducers. For frequencies above 40 kHz, the relative sensitivity is significantly low for all transducers, except for the 7BB-20-6 and 7BB-12-9 diaphragms, which have higher sensitivity for certain frequency bands.
The experimental electrical impedance signatures of the transducers are related to their theoretical sensitivities to damage. As an example, Fig. 10 (a) shows a comparison between the real part of the impedances of the transducers within the frequency range of 20-25 kHz, and Fig. 10 (b) shows the same signatures within the frequency range of 225-230 kHz.
For the signatures at the low frequencies shown in Fig. 10 (a) , the conventional ceramic and the 7BB-20-6 diaphragm exhibit similar impedance signatures with more pronounced resonance peaks compared to the signatures of the other diaphragms. As is well known in the EMI method, more pronounced resonance peaks typically indicate higher sensitivity to damage. Therefore, these results are consistent with the relative theoretical sensitivities shown in Fig. 9 . For high frequencies, the 7BB-20-6 diaphragm generally has an impedance signature with more pronounced resonance peaks, and the 7BB-12-9 and 7BB-35-3 diaphragms have signatures with extremely small peaks, as shown in Fig. 10 (b) . These results are also consistent with the theoretical sensitivities.
A more formal procedure to experimentally assess the sensitivity of the transducers is by calculating the RMSD index, which indicates the variation in the impedance signatures due to structural damage. This index was calculated using (21); damage was induced in the aluminum bars by the addition of mass according to the procedure described in the previous section. The RMSD index was calculated on subbands of 25 kHz to allow for a comparison with the theoretical sensitivities over the entire frequency range. The results are shown in Fig. 11 .
Similar to the theoretical sensitivities, the RMSD indices obtained for the transducers shown in Fig. 11 exhibit high values at low frequency bands and tend to decrease significantly at high frequency bands, although this decrease is not as abrupt as that observed in the theoretical sensitivities. The 7BB-20-6 diaphragm has the highest sensitivity to damage, and the 7BB-12-9 diaphragm has the lowest sensitivity to damage. The conventional PZT ceramic has the second highest sensitivity to damage, followed by the 7BB-35-3 diaphragm. These results are consistent with the theoretical sensitivities shown in Fig. 9 . However, the high theoretical sensitivities of the 7BB-20-6 and 7BB-12-9 diaphragms in certain highfrequency sub-bands were not experimentally observed in the RMSD indices.
Despite some discrepancies, the experimental results correlate well with the theoretical results, indicating that the proposed equivalent circuit and sensitivity assessment are appropriate for the experimental conditions considered in this study.
VI. CONCLUSIONS
This study theoretically analyzed the feasibility of piezoelectric diaphragms for impedance-based damage detection using a proposed equivalent electromechanical circuit. The proposed circuit was validated with basic experimental tests on aluminum bars; the experimental results were consistent with the theoretical results despite some discrepancies. Although the piezoelectric diaphragms have an additional brass disc in their construction, the results reported in this study conclusively indicate that their sensitivity to damage is not affected when compared to conventional PZT ceramics of similar dimensions, at least under the experimental conditions and one-dimensional assumptions considered in this study.
Although the proposed circuit is based on a one-dimensional vibration assumption and suitable only for narrow metal structures, the results reported in this article are important because they allow for an analytical comparison between diaphragms and conventional ceramics, in addition to analyzing the effect of the transducer diameter on the sensitivity to damage. An appropriate electromechanical model for effective applications in large structures must be developed in future research.
